This paper provides the first examples of rings of algebraic numbers containing the rings of algebraic integers of the infinite algebraic extensions of Q, where Hilbert's Tenth Problem is undecidable.
Introduction
The problem of Diophantine undecidability over a ring R, otherwise known as Hilbert's Tenth Problem, can be phrased as the following question. Given a ring R, is there a uniform algorithm to determine, given a polynomial equationf(x 1, . . . , x,) = 0 over R, whether this equation has solutions over R? This question has been answered lonnegatively for R = Z by M. Davis The problem has also been resolved negatively for some rings of S-integers (including the rings of algebraic integers) of a certain class of number fields, totally real finite extensions being among them. For more details concerning these results, see [3-5, 8, 11-141 . In all of the known cases of Diophantine undecidability over the rings of S-integers, Diophantine definitions of Z were constructed over the rings under consideration.
The question of Diophantine decidability remains open with regard to a ring of S-integers of an arbitrary number field, as well as with respect to any number field itself (including Q).
On the other hand, Rumley has established that in the ring of all algebraic integers Diophantine problem is decidable, and it is known that Z has no Diophantine definition over the ring of all real algebraic integers (see [2, 91) . The natural problem arising from these results, in conjunction with the above cited results for finite extensions, is to determine the boundary of Diophantine undecidability and existential definability of H with respect to the algebraic extensions of Q. The known undecidable results apply to a class of fields of arbitrarily high degree. This paper will produce another step in this direction by constructing first examples of the infinite extensions, where either the Diophantine problem is undecidable or Z has a Diophantine definition in the integral closure of some rings of S-integers of Q.
We start our investigation by giving a definition of a Diophantine subset of a ring and stating a preliminary lemma. In this case we write Dioph(R,/R,) and callfa Diophantine dejinition of RI over R2.
Lemma 1.2. Let R be any ring of characteristic 0 whose quotient$eld is not algebraically closed. Then Dioph(R/Z) implies that Diophantine problem is undecidable in R.
Proof. See [2] . 0
Next we should note that as long as the field under consideration is not algebraically closed, Diophantine problem for an arbitrary single polynomial equation is equivalent to Diophantine problem for an arbitrary finite system of polynomial equations, and Diophantine definitions can be allowed to consist of finitely many polynomials without changing the relation. This follows from the fact that expression 'tf = 0 AND g = O", where S and g are polynomials over a relevant ring, can be replaced by a single polynomial equation over the same ring, so that the constructed polynomial equations have solutions in the ring if and only if both of the original polynomial equations have solutions in the ring. For a more detailed discussion of this fact we again refer the reader to [2] .
Non-integral solutions to Pell equations over rings of &integers of the totally real number fields
Pell equations, i.e. equations of the sort x2 -dy z = 1, are well known and have been widely used in the proofs of the results on Diophantine unsolvability cited in the introduction.
Sets of integral solutions to these equations have been studied extensively. In our case, however, we will need to study the sets of non-integral solutions of Pell equations and show that under certain circumstances they can be made to behave in the same fashion as their integral counterparts.
We start our investigation with definitions and preliminary lemmas.
Definition 2.1. Let K be a number field and let S = {pi, . . . , ps} be a set of its finite primes, Then define a ring OK,s c K to be
In other words, OK,s is the ring of all the elements of K integral at all the finite primes outside S.
Notation. Let OK c OK,s denote the ring of algebraic integers of K. In this paper we shall often refer to divisibility conditions relative to OK and OK,s. To distinguish the two, we will reserve the symbol " ( " for the regular divisibility in OK, Divisibility in 0 K,S will be denoted by " Is ". We will use the same notational scheme with respect to equivalencies: " z.s " will denote equivalence in OK,s and " g " will denote equivalence in OK. Similarly, for x, y E O,,s define (x, y)s = 1 to mean Vq#S either ord,x = 0 or ord, y = 0.
It remains to show that K(d'12) cannot contain i. Suppose it does. Then as before, K(d '12) = K(i). But the only primes of K possibly ramifying in this extension will be factors of two, and so by the same reason as above, i $ K(d"2). Therefore, K (d 'I') will contain no non-real roots of unity. Proof. First, we note that, by the product formula, ordp, a < 0. Secondly, we note that for every i > 1 such that piy2, ordPi(a2 -1) = ord,(a -l), and consequently ordPi(a2 -1) is an odd positive integer. Finally, we observe that if i > 1 and pi ( 2 then ordPi(a2 -1) = ord,,<(a -1) + ord,i(a -1 + 2) = e(pi/2) + (2ri + 1) + min(e(pJ2) + (2ri + l),e(pi/2))
and consequently ordPi(a2 -1) is an odd positive integer. Therefore, we conclude that p2, . . . , ps are totally ramified in MK, and consequently, ifx-(a'-1)'12y~ HK,I,S then
NuKiK(x -(a' -1)"2y) = 1 and the following statements are true.
1. For every 1 < i < s and for every Bi lying above pi in MK ords,(x -(a' -1)"2y) = 0.
In
MK,
Pl = BllBl2
with ordplt(x -(a2 -1)'j2y) = -ordSi2(x -(a2 -1)1'2y) = -ordp,,(x + (a2 -1)'12y).
Next, we claim that HK,d,S contains no integral units besides roots of unity. Indeed, by the Dirichlet Unit Theorem, the rank of the integral unit group of MK is equal to the rank of the integral unit group of K. At the same time NMKiK is a homomorphism from the integral unit group of M, into the integral unit group of K, with all the integral units of HK,P,S contained in the kernel of the norm map. The image of the norm map contains all the squares of the integral units of K, and therefore is of the same rank as the unit group itself. Hence, the kernel of the norm map is of rank 0, i.e. it contains roots of unity only.
Next consider a homomorphism E --) orda,, E of HK,d,S into B. The kernel of the map will consist of integral units of H K,d,S and therefore will contain roots of unity only. The image of the map is cyclic, and so H K,P,S is cyclic modulo the subgroup of roots of unity.
Next suppose
for some x -(a2 -1)1'2y~HK,I,S, some natural k and a root of unity p. Then ordp,,(a -(a2 -1)"2) = k.ordp,,(x -(a2 -1)'12y), Thus, if k > 1 then y has a zero at pl.
Next note that since all elements of H K,d,S are integral at all the finite primes not dividing pl, 2x is integral at all the non-archimedean valuations different from pl, and therefore 4y2 (a 2 -1) = 4( 1 -x ") is integral at all the non-archimedean valuations of K different from pl. Consequently, for every i > 1 such that ~~$2 we have the following computation 0 < ord,yZ(u2 -1) = 2ordPiy + ord,,(u -1) + ord,(a + 1) = 2 ordPi y + ord,,(u -1) = odd number. On the other hand, since for every c, embedding of K into R, lo(y2)(a2 -1)j < 1, we have the following inequalities. Proof. We will verify that all the conditions of Lemma 2.4 and 2.5 are still true in L with respect to a, p1 and valuations lying above ql, q2, p2, . . , , pS. Assume that in L qi has factorization fly $', where by assumption all eij's are odd. Then
is an odd number. Moreover, clearly y 1 1 and y r2 lie above different rational primes.
Hence, conditions of Lemma 2.4 are satisfied. Next we note that all the real embeddings of L are extensions of the real embeddings of K, and so we still have the fact that o < a(a) < 1 for all embeddings 0 of L into R.
Furthermore, for i > 1, let pi factor as nptyj in L, where as before, all eij's are odd. Then for every pij such that i > 1 and ~~$2, ord,,j(a -1) = eijord,,(a -1) is a positive odd number.
On the other hand, if i > 1 and pi 12, then ordPij(a -1) = eijordPZ(a -1) = eije(pi/2) + eij(2ri + 1) = e(P;j/2) + 2rieij + eij = e(pij/2) + 2rieij + 2nij + 1 = e(Pij/2) + 2rij + 1. Proof. For proof of (2.2), (2.3), (2.5)-(2.10) see, for example, Lemma 1 of Denef [4] . For proof of (2.4) see, for example, Lemma 2.6 of Shlapentokh [13] . q Proof. See, for example, Lemma 2.4 of Shlapentokh [14] . 0 Lemma 2.13. Let K, a, S be as before, let PI be the rational prime below p 1, let fi be, as before, the degree of p1 over PI, let n = [K: CD], and assume that for some j E 7 for every embedding o of K into R fZJ(Xj(U)) > C > PiJ1'n)ordplo.
Then xj(a) is not a unit of OK,s. 
From (X,j, Y,~)~ = 1 we conclude that either xj Is x, or Xj Is y, but not both, since by the previous lemma Xj is not a unit of 0 K,S. We will show that this is impossible for j>r>O.
We will initially consider the possibility that xj IS xr.
First note that by Lemma 2.11, ordpl xj = j. ordp, a. Next let the divisor of xj be (I'-I~~ q+~') .pj4, (a) and let the divisor of x, be (n14es qb(q))p;ordpl(o). Then (2.12) implies vq # S b(q) 3 a(q).
Next for every q$S let Q be the rational prime below q, and letf(q) be the degree of q over Q. Then First of all, by Lemma 2.11, ordpi y, = (r -1). ordpl a. From (2.13), a(q) d b(q) again, and, as before, we obtain the following inequalities.
So that we may conclude, taking into consideration the facts that j -I 3 1 and ord,,, a < 0,
However, since a2 -1 is non-integral at p1 only, Thus, Xj [ Y, = ytj. If t z 1 mod 2 then Xj ( X,j. This is impossible, since by Lemma 2.13 xj(a) is not a unit, and so t g 0 mod 2 and (i) has been proved.
We will prove (ii) by a similar argument. Suppose Xj(U) ( x,(a). As before m = tj + r, where 0 < r < j, and 
Lemma 2.18. Let a, K, S, m, %,(a) and j&(u) be us in the previous lemmas, and assume for every embedding 0 of K into R, la(xh(u))l > o(IP(l + I12m -uz)-l'*).
Then for every embedding CJ of K into R, 1 @,(a))( > la(j,,(u))l . (Note that 0 < a(rIrn(l + IIzm -u*)-i'*) < 1.)
Proof. Enough to show that the lemma holds for cr = identity. First we will show that lx&)l > Inmyh(a)l. Therefore, the result follows.
-xi(u)
rI
Diophantine undecidahility in Kinf
In what follows U, K, S, Ki,fy section.
OKi"r,Si.r, pl, pl, fi, n are as defined in the previous In the following lemmas we will use a property of non-archimedean valuations described below. Let ) ) be a non-archimedean valuation, then Ia -bJ < lb1 * /aI = lb/.
Indeed, Ial = la -b + bl = max(la -bl, lbl) = lbl.
Lemma 3.1. There exists a E OK,s such that it satisfies the requirements of Lemma 2.5 and such that d = 8' -1 satisfies the requirements of Lemma 2.4.
Proof. First we introduce the following notation: let q be a prime of K, then denote the local uniformizing parameter of q by n(q). Let ql, q2 be two primes such that they are not factors of 2 and are above different rational primes, let Q. > 3 be a rational prime with no common factors with any K primes in S or with q1 or with q2. Assume n qEpi is the prime factorization of Q. in K. By the "very strong" approximation theorem (see O'Meara [7, p. 77]), there exists ci E K such that the following conditions are satisfied.
For every p~S\{p,} such that ~$2
Id -1 -WP)IP< IWP)l,.
For every p~S\{p,} such that ~12
ILi -1 -II(p)='p'2'+'j,< (I-I(P)e(P'2)+1(P. Iri -l -nI(qOi)2eoilqof < In(YOi)2eoilqoi ( 
3.5) iai, G 1 for all t$S, t z ql, t z q2, (3.6)
where I If is the valuation generated by a prime t, and I lo is an extension of the archimedean valuation of Q to K. Proof. Observe thatf'(x) = 2x -2Ax = 2x(1 -A), so that we have only one critical point in the interval, i.e. x = 0, andf(0) = A < 1. On the other hand,f(l) = 1 and the function is increasing on (0,l). Hence, the lemma holds. where the last inequality holds, by Lemma 3.3. On the other hand,
Lemma 3.2. Let m E N be given and let K, S, n be defined us in the preceeding
Sincex,~~,lmod(u-l),foreveryprimepsuchthatp1(2andpES\{p,},p=q,or Therefore, we may conclude that xyr = w1 w2 j(Pv -l)(Qv -l), and if we let y = (Pv -l)(Qv -1)/x then y E OKi.,, sinr.
Notations. In the following lemmas we will continue to use notations we have used in the preceding lemmas. However, for the convenience of the reader, we list below all the notations we have used so far together with the properties the objects thus denoted are assumed to satisfy. 1. K-a totally real finite extension of Q degree n. 2. s = {PI, . ..) ps)-a finite set of non-archimedean primes of K, where ~~$2.
3. Pi-a rational prime below pi. 4. _&-residue class degree of pi over Pi. 5. h,-the class number of K. 6. II-a generator for p;x in K. 7. { ql, q2 )-non-archimedean primes of K such that Q1 # 2 and Q2 # 2-the rational primes underneath q1 and q2, are distinct. 10. xk(a), y,(a)EOK,s are such that   xk(a) -(a2 -1)1'2y,(a) = (a -(a" -1)1'2) k.
11. &(a) = &(a)/ff", yk(a) = jk(a)/nk, where _&(a), jk((a)EOK.
R E N is such that
(A) For every prime YES\ {pI} such that ~$2, or p = q1 or p = q2, R r Omodp;
(B) R z 3mod4. 13. Kinf is a totally real infinite extension of Q such that the following conditions are satisfied.
(A) K c Kinr.
(B) For every finite extension M of Q contained in Kinf and such that M contains K, there is only one prime above p1 and all the primes above p2, . . . , pS, ql, q2 have odd ramification degrees. 14. OKi.r,Si"r is the integral closure of OK,S in Ki"f.
Given an m E N, define
C(m) = max(II"(1 + II" -u(m)2)-'I', 2P~f"n'0rdP~'cm').
Given A, DE N define m = m(A, D, n) to be such that for every k A".(k + l)nv < 2W+lWW < INKIQ(~)l((k+l)m-n)/2,
From now on all the notations will refer to the list above. Thus, by Lemmas 2.17, 2.18, and from (3.13*),
Conversely, suppose 8 = keZ. Then let g = &(a), r = yk(a). Select h' so that (g2 + (1 -u")r") ISimr y,,,(u), then find h, a multiple of h', so that (3.13) is satisfied for w = xh(u), and then set z = ~~(a). Finally, select t' so that xf 1 ytP and select t, a multiple oft' so that (3.15 *) is satisfied. Then set u = x,(a), u = y,(a). Define b using Remark. For future use we will write down another notation for the system Next we have to show that the conjunction (3.34) can be satisfied over OKinr,s,,, for Bi = ki E Z and the same w for every system in the conjunction.
(All the other variables can be different in the systems corresponding to different 8,'s.) Compared to the proof of Lemma 3.6, only one step has to be changed. In the proof of Lemma 3.6 h' was selected so that (s2 + (1 -a4)r2) hinr y&4
Here we will select h' so that iFl (d + t1 -a4)r?) lSinr Yh(a)y where gi, ri are variables from the system corresponding to Bi. The following theorem summarizes the above results. 
The case of non-splitting primes
If we impose additional conditions on the primes of S we will be able to obtain stronger results, i.e. we will be able to construct a Diophantine definition of rational integers over OK,.I, s,,, .
Notations. In general we will continue to use the notations from the preceding sections with the following modifications and additions. 1. From now on we will assume that for every totally real finite extension of rationals A4 such that K c M c Ki"r, all the primes of S remain prime in M.
2. Since pi will remain prime in OK,,I,Si.r as well as in the integral closure of OK,s in any M in between K and Ki,f, we will continue to denote this ideal by Pi and we will continue to denote by S the set of prime ideals { pl, . . ..ps}.
3. Let e = EElX(f?(pi/Pi)) + 1.
4. Let P be the product of all the rational primes with factors in S. Then ord,,, P = e(pi/Pi) < e. We claim that the above described system of equations, which we will denote by P(Pee + l), has solutions in OK,.I,S,.r if and only if B1(Pee + l)hK~Z.
Indeed, assume the system is satisfied in OKi,, , Sinr, write 8i = (u/u) as in the preceding lemma and apply Lemma 3.6 to conclude from (4.3) and (4.2) (4.5) 0 < lN~(e,,a(u)l Q IN~ce,,du)l Here we should observe that for every K(B)-embedding 0 into R,
Furthermore, by Lemma 3.6, (lkl + 1)" < INK,a(%h(a))l Ii', and therefore, if u f uk # 0, from (4.6) and (4.10), the following inequalities must hold.
IN,w,o(u + uk)l G lNkce,,a(nh(a))l"'(l + IWIK(e':al
Since this contradicts (4.9), u + uk 1 = 0. But for every p E S, ord,u = 0, and therefore, u is an integral unit and
Conversely, if e1 = k, then the equations can be satisfied as described in Lemma 3.6, with one modification.
When the value for h is selected we will also make sure that (4.3) holds.
If PB" + 1 is not a rational integer, since K(8) is totally real, it must be a square root of a rational integer. To make sure that it is a rational integer, we can consider F'(P& + P + 1) together with F(P8' + 1). Then both systems of equations will have solutions if and only if P0' + 1 E Z. Since for every p E S ord,(PB" + 1) < 0, if ord,8 < 0, we can conclude that 0 is either a rational integer or a square root of a rational integer. Then using the above construction again, we can made sure that 8 is a rational integer.
To summarize the above discussion we state the following theorem. 
Totally real subfields of infinite cyclotomic fields
In this section we will demonstrate how to apply the results of the preceding section to totally real subfields of some infinite cyclotomic extensions.
First we need to state some well known results concerning cyclotomic extensions. Proof. See pp. 39-48 of Janusz [6] . 0
Notations. Let A, BE Z, k E N and let t be a rational prime, then "A A B mod tkrr will mean "A g Bmodtk and A$Bmodtk+"'. Given a prime q, let order,(q) denote, as before, the order of q mod t and let P,(q)E N be such that 4 orderr(q) + 1 mod r",(4). The last equivalence implies that order,:,(q) = ordertc(q). ti', and therefore, order,(q) = n t{'. LCM(order,Jq)), which, in turn, by Lemma 5.1, tells us that the number of prime factors of q in Q(t) is n (ti -l)&'/order,(q) = n (ti -l)E~~'4)-'/LCM(order,,(q)), and the lemma holds. Finally, let {r 1, . . . ,t,} be a finite set of odd rational primes, and let Kinf be the largest totally real subfield of the infinite cyclotomic extension generated by all t:th primitive roots of unity, where i = 1, . . . . r, and k= N.
Let S = {pl, . . . . ps} be any finite collection of primes, where pi is not a factor of 2. (It can include any of the t r, . . . , t,.) By Lemma 5.1-5.3 for every rational prime there is a bound on the number of distinct prime factors it will have in any subfield of Ki,r. Moreover, let UE N be such that ~~~(ti -1)&O (mod2").
Then 2" is the highest power of 2 possibly dividing the ramification degree of any prime above a prime in S any finite subextension of Kinf* Therefore, if S contains some of ti'S we can use Theorem 3.8 to conclude that the Diophantine problem is undecidable in OXiOr,S,.r. If S contains no tj's then we can use Theorem 4.3 to construct a Diophantine definition of H in OKi.r,Si.r.
